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ABSTRACT
We propose a new gauge field theory which is an extension of ordinary string field
theory by assembling multiple state spaces of the bosonic string. The theory
includes higher spin fields in its massless spectrum together with the infinite
tower of massive fields. From the theory, we can easily extract the minimal gauge
invariant quadratic action for tensor fields with any symmetry. As examples, we
explicitly derive the gauge invariant actions for some simple mixed symmetric
tensor fields. We also construct covariantly gauge-fixed action by extending the
method developed for string field theory.
1 Introduction
String theory can be considered as an ultraviolet completion of spin one gauge theory (open
string) or spin two gravity (closed string). Then a natural question is what is a UV com-
pletion of higher spin gauge theory. Quantum consistency of the string theory requires the
highest spin of the massless mode to be one for open string and two for closed string. There-
fore we have to somehow extend the theory in order to adapt it to massless higher spin fields
with keeping the consistency of the theory. Constructing such a theory with interaction
is not an easy task to complete in every detail. For a free theory level, however, we can
systematically construct a class of theories which contain massless higher spin fields as well
as massive tower in their spectrum and are invariant under higher spin gauge symmetry.
The purpose of the present paper is to give an extended string-like field theory whose
massless mode can have spin higher than two. Our main idea is to consider a multiple tensor
product of open string Hilbert spaces as a basis of field space, just like the closed string field
basis is a double. For example if we start from n copies of open bosonic string Hilbert space
with an appropriate set of conditions, then we obtain a bosonic extended string field theory
with massless spin n fields and many other massive fields whose spin J and mass M satisfy
the relation a` la Regge behavior
J ≤ nℓ
2
2
M2 + n, (1)
where ℓ is a length parameter and is related to the open string slope parameter as α′ = ℓ2/2.
The state density for each mass level is ρ(M) ∼ exp (2πnℓM√D−2
12
)
in D dimensions, which
leads to Hagedorn temperature TH ∼ 12πnℓ
√
12
D−2
in this model with D = 26. This suggests
that the model may have a natural UV cutoff of order 1/ℓ in the same way as string theory.
To clarify this point more precisely, however, we have to incorporate with the interaction,
which will be our next task. In the present paper, we only focus on the free theory as a first
step.
The model is also useful for extracting the actions for higher spin gauge fields. We can
construct not only gauge invariant free action but also gauge fixed free action systemati-
cally utilizing the method developed previously for the open and closed string field theories.
The minimal set of fields which describe a given representation of higher rank tensor is
systematically identified in the extended string field level.
This paper is organized as follows. In the next section we construct an extended string
field theory upon the state space of n-tensored version of those for open bosonic string field
1
theory. Both gauge invariant and covariantly gauge-fixed quadratic actions are given there
in an analogous way to the string field theory [1, 2]. Also minimal gauge invariant set of
fields [3] are given systematically in the extended string field level. In section 3, we will focus
on the massless sector of the model in detail. And some example higher spin gauge field
actions extracted from the general action are shown in section 4. The final section will be
devoted to the discussions. In Appendix A and B, we collect basic properties of the state
space and define projection operators which are necessary for understanding the gauge fixing
and the actions.
Note added : In the course of writing the manuscript, we became aware of a pioneering
paper [4] in which the ideas overlapping with us were used. They construct the free gauge
fixed action in Feynman-Siegel gauge, while we construct the one in more general covariant
gauge including Feynman-Siegel gauge as well as Landau gauge. Also we give a system-
atic construction of the minimal action, which largely simplifies procedures of extracting a
necessary set of component fields for a given higher-spin representation.
2 Extended string field theory
In this section, we formulate the new extended string field theory by assembling n copies of
state space of bosonic open string and give a class of gauge fixed actions. We also give the
minimal action which is obtained by eliminating the auxiliary fields part from the original
action.
2.1 State space and inner product
We first provide n copies of open string state space for momentum p and take the direct
product of them as
Hn(p) = H(1)(p)⊗ · · · ⊗ H(n)(p). (2)
Here each H(i)(p) (i = 1, · · · , n) consists of αµ (i)−l (l ≥ 1), c(i)−m (m ≥ 0), and b(i)−n (n ≥ 1)
operated on the state
| ↓i, 0, p〉 = |0, p〉(i)M ⊗ (c(i)1 |0〉(i)g ) (= c(i)1 |0, p〉(i)). (3)
The state |0, p〉(i)M denotes the matter ground state of momentum p and |0〉(i)g the ghost
conformal vacuum respectively. Note that the detailed basic properties of open string state
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space H(p) are collected in Appendix A. We then restrict the space Hn(p) by imposing the
conditions on |f〉n ∈ Hn as
(b
(i)
0 − b(j)0 )|f〉n = 0, (L(i)0 − L(j)0 )|f〉n = 0 (4)
for any i, j = 1, · · · , n. The operator L(i)0 is given by
L
(i)
0 =
ℓ2
2
p2 +N (i) − 1, (αµ0 = ℓpµ) (5)
where N (i) counts the level of the H(i) part of the state |f〉n . The resulting restricted space,
which we describe as H′n, is the Hilbert space on which we define our extended string field
theory. Note that the space H′n for n = 1 and n = 2 correspond to the Hilbert spaces for
open and closed string field theory respectively. Also in these cases, the scale parameter ℓ
introduced in eq.(5) is related to the slope factor as ℓ =
√
2α′ for n = 1 and ℓ =
√
α′/2 for
n = 2. From the conditions (4), the operation of b
(i)
0 and L
(i)
0 (and thus N
(i)) on a state in
H′n gives the equal results independently of i. Thus, we will use the abbreviated notations
b
(i)
0 = b0, L
(i)
0 = L0, N
(i) = N (6)
on the space H′n. Note that each H(i) part of any |f〉n ∈ Hn (or H′n) has the same level N
and we call this N as the level of the state |f〉n.
As for the usual open or closed string Hilbert space, we can define the non-degenerate
inner product for states |f〉n, |g〉n ∈ H′n by
〈|f〉n, |g〉n〉 ≡ i−n(n−1)/2〈bpz(fn)|c(1)0 c(2)0 · · · c(n−1)0 |g〉n (7)
with the relation
〈0, p|c(1)−1 · · · c(n)−1c(1)0 · · · c(n)0 c(1)1 · · · c(n)1 |0, p′〉 = in(n−1)/2(2π)Dδ(D)(p− p′). (8)
Here, 〈bpz(fn)| ≡ bpz(|f〉n) denotes the BPZ conjugate of |f〉n. It is related to the Hermitian
conjugate 〈f | of |f〉 by bpz(|f(p)〉)= ǫf 〈f(−p)| with ǫf = ±1. The sign of ǫf is explicitly
determined by the rules of the BPZ conjugation: bpz(|0〉) = 〈0|, bpz(b−n) = (−1)nbn,
bpz(c−n) = (−1)n−1cn, bpz(αµ−n) = (−1)n−1αµn, and bpz (αβ) = (−1)|α||β|bpz(β) bpz(α)
where |α| and |β| are the Grassmann parity of α and β. Also,
|0, p〉 = |0, p〉(1) ⊗ · · · ⊗ |0, p〉(n) (9)
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where each |0, p〉(i) is given by eq.(3). The coefficient in(n−1)/2 in front of the right-hand side
of eq.(8) is needed for consistency with the hermitian property of the left-hand side since
(
〈0, p|c(1)−1 · · · c(n)−1c(1)0 · · · c(n)0 c(1)1 · · · c(n)1 |0, p′〉
)∗
= (−1)3n(n−1)/2〈0, p′|c(1)−1 · · · c(n)−1c(1)0 · · · c(n)0 c(1)1 · · · c(n)1 |0, p〉. (10)
Note that the space H′n is divided into two spaces F˜n and c˜0F˜n as
H′n = F˜n + c˜0F˜n (11)
where
c˜0 =
n∑
i=1
c
(i)
0 (12)
and F˜n is the set of states of the form
|f˜〉n = |f (1)〉 ⊗ · · · ⊗ |f (n)〉 ∈ b(1)0 c(1)0 H(1) ⊗ · · · ⊗ b(n)0 c(n)0 H(n). (13)
For two states in F˜n written as
|f˜〉n = Of | ↓1↓2 · · · ↓n; 0, p〉, |g˜〉n = Og| ↓1↓2 · · · ↓n; 0, p′〉, (14)
the following relation
〈
|f˜〉n, c˜0|g˜〉n
〉
= i−n(n−1)/2〈0,−p|bpz(Of )Ogc(1)−1 · · · c(n)−1c(1)0 · · · c(n)0 c(1)1 · · · c(n)1 |0, p′〉
≡ 〈0,−p||bpz(Of )Og||0, p′〉 (15)
is satisfied. Here
| ↓1↓2 · · · ↓n; 0, p〉 ≡ | ↓1; 0, p〉 ⊗ · · · ⊗ | ↓n; 0, p〉. (16)
The relation eq.(15) is useful for dealing with the action given in the following sections since
the right-hand side of this relation can be calculated straightforwardly by the relation
〈0,−p||1||0, p′〉 = (2π)Dδ(D)(p+ p′) (17)
derived from eq.(8) with the commutation relation of the oscillators.
On the space H′n, we also define the extended BRST operator Qn as the sum of n
corresponding open string operators Q(i) (i = 1, · · · , n): Qn =
∑n
i=1Q
(i). Each Q(i) is
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divided by ghost zero modes as Q(i) = Q˜(i) + c
(i)
0 L
(i)
0 + b
(i)
0 M
(i). Thus, Qn can be written on
H′n as
Qn = Q˜+ c˜0L0 + b0M (18)
with
Q˜ =
n∑
i=1
Q˜(i), M =
n∑
i=1
M (i) =
n∑
i=1
(
−
∞∑
k=1
2kc
(i)
−kc
(i)
k
)
(19)
where L0 and b0 on H′n are respectively given by L(i)0 and b(i)0 for any i as we have mentioned
in eq.(6). We also define the following operators
M− =
n∑
i=1
M−(i) = −
n∑
i=1
∞∑
k=1
1
2k
b
(i)
−kb
(i)
k , Mz =
n∑
i=1
∞∑
k=1
1
2
(
c
(i)
−kb
(i)
k − b(i)−kc(i)k
)
(20)
onHn. Here,Mz is the operator which counts the half of the ghost number of non-zero mode
part: Mz = 12Gˆ, and the relation to the ghost number operator is given by G = Gˆ+ c˜0b0+n
on H′n. Note that the structure of the space H′n (or F˜n and c˜0F˜n) under the operators Q˜, L0
M, M− and Mz is determined independently of n since the commutation relations among
the operators are the same as for n = 1 or n = 2 cases explained in refs.[1, 2, 5]. For example,
M, M− and Mz constitute the SU(1,1) algebra with the relation
[M,M−] = 2Mz, [Mz,M] =M, [Mz,M−] = −M−. (21)
Furthermore, if we divide the space F˜n by the non-zero mode part of the ghost number Gˆ as
F˜n =
∞⊕
gˆ=−∞
F Gˆ=gˆn , (22)
F gˆn and F−gˆn are isomorphic to each other and we can define the operator Wgˆ which is
considered as the inverse of Mgˆ on the space F±gˆn : For any |f˜ gˆ〉 ∈ F˜ gˆn or |f˜−gˆ〉 ∈ F˜−gˆn with
gˆ > 0,
MgˆWgˆ|f˜ gˆ〉 = |f˜ gˆ〉, WgˆMgˆ|f˜−gˆ〉 = |f˜−gˆ〉. (23)
Explicitly, Wgˆ is represented by using M and M− as
Wgˆ =
∞∑
i=0
(−1)i (gˆ + i− 1)!
[(gˆ + i)!]2 i! (gˆ − 1)! (M
−)gˆ+iMi. (24)
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2.2 Gauge invariant and gauge fixed action
We have prepared the state space for our extended string field theory. Now we define the
free action for any n by extending the string field theory action as
Sn = −1
2
〈Φn, QnΦn〉. (25)
Here, Φn is the extended ‘string field’ which is expanded by states |f˜k(p)〉 ∈ H′n(p) with the
corresponding coefficient fields ψf˜k(p) as
Φn =
∫
dDp
(2π)D
∑
k
|f˜k(p)〉ψf˜k(p), |f˜k(p)〉 ∈ H′n(p). (26)
Note that Φn has ghost number G = n and the Grassmann parity (−)n. Also, according to
the division of the state space eq.(11), Φn is divided into two parts Φn = φn + c˜0ωn where
φn = b0c˜0Φn and ωn = b0Φn. The non-zero mode part ghost number Gˆ of φn and ωn are
respectively 0 and −1.
In order that the action Sn is hermitian and has the correct sign factor, we should assign
the appropriate hermiticity for each field ψf˜k(p): For a state |f˜k(p)〉 which satisfy
bpz(|f˜k(p)〉) = (−)n(n−1)/2ǫ˜f˜k〈f˜k(−p)|, (27)
the corresponding field ψf˜k(p) should have the property
(ψf˜k(−p))∗ = ǫ˜f˜kψf˜k(p). (28)
Thus, if we fix the field ψf˜k(p) to be real, we should associate i in front of the field when
ǫ˜f˜k = −1.
If we take D = 26, the action eq.(25) is invariant under the gauge transformation
δΦn = QnΛn (29)
for any G = n− 1 extended string field Λn with Grassmann parity (−)n−1.
We will see the spectrum of Φn for general n for D = 26. The lowest mass level (N = 0,
M2 = −2/ℓ2) gives the tachyon field φ as the coefficient of the state
| ↓1↓2 · · · ↓n; 0, p〉. (30)
The next massless level (N = 1, M2 = 0) gives the n-th rank tensor field Aµ1···µn as the
coefficient of the state
α
µ1(1)
−1 α
µ2(2)
−1 · · ·αµn(n)−1 | ↓1 · · · ↓n; 0, p〉 (31)
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with the lower rank n− 2k (k = 1, 2, · · · ) tensor fields given by the coefficients of the states
including b
(i)
−1 and c
(i)
−1 ghost fields. Thus we see that the massless spectrum for n includes
fields with spin up to n. As we will see below, the N = 1 (and also N = 0) part of the
quadratic action is consistent for any spacetime dimension D. The number of massless
physical degrees of freedom in D-dimension is (D − 2)n which can be counted by the little
group SO(D − 2). For example, totally symmetric tensor part has
(
D − 3 + n
n
)
degrees of
freedom while totally anti-symmetric tensor part does
(
D − 2
n
)
. We will investigate the
structure of the massless part of the action in detail in the next section.
There are also infinite tower of massive states with massM2 = 2(N−1)/ℓ2 corresponding
to the level N . In general, the number of physical degrees of freedom can be counted by the
transverse oscillators thanks to the equivalence to the light-cone gauge, as is usual in string
theory. Indeed we can construct the analogue of transverse DDF operators [6] which form
the spectrum generating algebra. Also we can extend usual tree-level no-ghost theorem for
n = 1, 2 to n > 2 cases, thereby this free theory is consistent quantum mechanically.
As is the case for open or closed string field theory action, the above gauge invariance
given in eq.(29) is precisely fixed by the extension of Feynman-Siegel gauge [4, 7] or a-
gauges [1, 2, 5], or other appropriate gauges. General form of the gauge fixed action is given
by
Sn,GF = −1
2
∞∑
m=−∞
〈
Φmn , QnΦ
−m+2
n
〉
+
∞∑
m=−∞
〈O〈−m+4〉n B−m+4n ,Φmn 〉 (32)
where Φmn and Bmn are extended string fields with ghost number m+n−1 and the Grassmann
parity (−)n. Note that Φ1n = Φn. For each of the gauge choices, the operators O〈m〉n are given
in order that the action Sn,GF remains no gauge invariance. In particular, as for the a-
gauges, since the structure of the BRST operator Qn with respect to the ghost zero modes
is equivalent for every n, general procedure for constructing the gauge fixed action is given
parallel to the case of open or closed string field theory [1, 2, 5] and the operators O〈m〉n,a for
a-gauges are explicitly given by
O〈m+1〉a =
1
1− a(b0 + ac˜0b0Q˜M
m−2Wm−1) (m ≥ 2), (33)
O〈−m+4〉a = b0(1− P−m+2) +
1
1− a(b0P−m+2 + ac˜0b0Wm−1M
m−2Q˜) (m ≥ 2) (34)
where the definition of Pm is given in Appendix B. Note that if we take a = 0, O〈m〉a=0 = b0
which gives the Feynman-Siegel gauge. Note also that we can extend the a-gauges to admit
multiple number of gauge fixing parameters as in ref.[3].
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2.3 Minimal gauge invariant and gauge fixed action
As stated in the previous subsection, Φn can be decomposed into two parts Φn = φn+ c˜0ωn.
φn has a nontrivial kinetic term while ωn is an auxiliary field. In fact, gauge invariant action
is also divided into two parts each of which is gauge invariant independently. Thus we can use
a minimal set of fields collected into the extended string field φn in order to obtain minimal
gauge invariant action as discussed in ref.[1, 3] for the case of open string field theory. In
concrete, the gauge invariant action Sn is divided into the minimal action part S
min
n and the
auxiliary field part Sauxiliaryn . The former minimal action part is given by
Sminn = −
1
2
〈
φn, c˜0(L0 + Q˜W1Q˜)φn
〉
. (35)
We may restrict φn to satisfy Mφn = 0 in this action since otherwise (L0 + Q˜W1Q˜)φn = 0
in any case. Note that if we use the projection operator 1 − P0 which extracts the states
satisfying Q˜φn = 0, the above action can be represented as
Sminn = −
1
2
〈φn, c˜0L0(1− P0)φn〉 . (36)
The definition of P0 is given in Appendix B.
This minimal action Sminn is invariant under the gauge transformation
δφn = Q˜λn (37)
with
λn = b0c˜0Λn. (38)
We can fix this gauge invariance by taking generalized a-gauges and construct the corre-
sponding gauge fixed action Sn,{α} by the procedure parallel to the case of open string field
theory as we discussed in ref.[3]. Here we only present the resulting gauge fixed action as
follows. It is given by the sum of the gauge invariant action Sminn and the (anti-)ghosts plus
gauge fixing terms:
Sn,{α} = S
min
n + Sn; gh+gf,{α} (39)
where
Sn; gh+gf,{α} = −
∞∑
m=1
〈φ(m)n , c˜0L0(1− P−m)φ(−m)n 〉
+
∞∑
m=0
〈c˜0β(m+1)n ,Wm+1MmQ˜φ(−m)n 〉+
∞∑
m=1
〈c˜0β(−m+1)n ,MmWm+1Q˜φ(m)n 〉
+
∞∑
m=0
∑
k∈{m+1
2
+Z≥0}
αk(−m+1,m+1)〈Skβ(−m+1)n , c˜0MmWm+1Skβ(m+1)n 〉. (40)
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Here, Wm is given by eq.(24), and Pm and Sk are certain projection operators defined in
Appendix B. Also, φ
(0)
n = φn and φ
(m)
n and β
(m)
n are b0 = 0 part of the ghost number G = n+m
extended string fields. Grassmann parity of φ
(m)
n and β
(m)
n are (−)n and (−)n+1 respectively.
Thus, Grassmann parity of the fields associated with each of extended string states in φ
(m)
n
and β
(m)
n are (−)m and (−)m+1 respectively.
In the above action, fields associated with SU(1,1)-spin= k (> 0) [1] part of extended
string fields φ
(l)
n and β
(l′)
n plays the role of 2k-th order (anti-)ghost fields and the Lagrange
multiplier fields needed for fixing the corresponding gauge invariance. Here, the possible l
and l′ for each k are given respectively as l = −2k+ 2i with i = 0, 1, · · · , 2k and l′ = −2k+
2j with j = 1, 2, · · · , 2k. Note that αk(−m+1,m+1)(= αk(m+1,−m+1)) are arbitrary parameters
distinguishing the gauge fixing conditions. For the 2k-th order (anti-)ghost field terms, we
can choose [k+ 1
2
] number of independent real parameters αk(−m+1,m+1) with m = 2k−1, 2k−
3, · · · , 1 (or m = 2k − 1, 2k − 3, · · · , 0) for an integer k (or a half integer k). Here, [x] is
the floor function which gives the largest integer not greater than x. If we choose all the
αk(−m+1,m+1) to be 1, the action becomes the one for the Feynman-Siegel gauge.
For each gauge, we can calculate the propagators from the gauge fixed action eq.(39)
in a similar way for the n = 1 open string field theory case [5]. Note also that the action
given in eq.(39) is invariant under the BRST and the anti-BRST transformations δB and δ˜B
satisfying the condition
δB
2 = δ˜B
2 = {δB, δ˜B} = 0. (41)
For the detailed properties of the action eq.(39), consult ref.[5].
3 Massless part of the minimal action
In this section, we in particular consider the massless part of the minimal action Smin,N=1n
since it is a useful tool for obtaining simple gauge invariant actions for general higher spin
fields expressed by higher rank tensor fields with various types of symmetry in a systematic
manner. Furthremore, if we limit ourselves to the massless level N = 1 fields, the action is
consistent not only for the spacetime dimensions D = 26, but for any D.
The operators Q˜, M, M− and Mz for N = 1 are reduced to
Q˜N=1 =
n∑
i=1
ℓpµ
(
α
µ(i)
−1 c
(i)
1 + c
(i)
−1α
µ(i)
1
)
, (42)
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MN=1 = −2
n∑
i=1
c
(i)
−1c
(i)
1 , M−N=1 = −
1
2
n∑
i=1
b
(i)
−1b
(i)
1 , (43)
and
Mz,N=1
(
=
1
2
GˆN=1
)
=
1
2
n∑
i=1
(
c
(i)
−1b
(i)
1 − b(i)−1c(i)1
)
. (44)
Extended string field φN=1n for N = 1 consists only of α
(i)
−1, b
(i)
−1 and c
(i)
−1. Thus, the general
form of φN=1n is given by
φN=1n =
∫
dpD
(2π)D
φ˜N=1n (p) (45)
with
φ˜N=1n (p) = α
µ1(1)
−1 α
µ2(2)
−1 · · ·αµn(n)−1 | ↓1 · · · ↓n; 0, p〉Aµ1µ2···µn(p)
+
∑
i1,j1
α
µ1(k1)
−1 · · ·αµn−2(kn−2)−1 c(i1)−1 b(j1)−1 | ↓1 · · · ↓n; 0, p〉Ai1;j1µ1···µn−2(p) + · · ·
+
∑
i1<i2<···<iq;j1<j2<···<jq
α
µ1(k1)
−1 · · ·αµn−2q(kn−2q)−1 c(i1)−1 · · · c(iq)−1 b(j1)−1 · · · b(jq)−1 | ↓1 · · · ↓n; 0, p〉
×Ai1,··· ,iq;j1,··· ,jqµ1···µn−2q (p)
+ · · · (46)
where the summation of indices im and jm (1 ≤ m ≤ q for each q) are taken from 1 to n
under the condition that all those indices are different values. For each set of im and jm, the
indices kl (1 ≤ l ≤ n− 2q) are uniquely determined by the conditions kl 6= im, kl 6= jm and
1 ≤ k1 < k2 · · · < kn−2q ≤ n. Thus, for any choice of im and jm for each q, the set of kl, im
and jm coincides with the set of n integers 1, · · · , n, i.e.,
{k1, · · · , kn−2q, i1, · · · , iq, j1, · · · , jq} = {1, 2, · · · , n}. (47)
We see that there appear tensors of rank r = n, n−2, · · · , n−2q, · · · in φN=1n , and the lowest
rank tensors are scalars (r = 0) for even n or vectors (r = 1) for odd n. As we have already
mentioned in the previous section, among the above general form of φN=1n , only the terms
that satisfy the condition MφN=1n = 0 appear in the action. For example, the Mφ
N=1
n = 0
part of the terms of rank r = n− 2 tensors in eq.(46) is given by∑
i1<j1
α
µ1(k1)
−1 · · ·αµn−2(kn−2)−1 (c(i1)−1 b(j1)−1 − b(i1)−1 c(j1)−1 )| ↓1 · · · ↓n; 0, p〉Ai1;j1µ1···µn−2(p). (48)
The gauge invariant action for N = 1 is given by
Smin,N=1n = −
1
2
〈
φN=1n , c˜0
(
ℓ2p2
2
+ Q˜N=1W1Q˜N=1
)
φN=1n
〉
(49)
(
=
∫
dxDLmin,N=1n
)
. (50)
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Unlike the general action, the above massless part of the action Smin,N=1n is invariant under
the gauge transformation
δφN=1n = Q˜N=1λN=1n (51)
not only for the spacetime dimension D = 26, but also for arbitrary D since the relation
Q˜2N=1 = − ℓ
2p2
2
MN=1 is satisfied for general D. General form of the gauge parameter field is
given by
λN=1n =
∫
dpD
(2π)D
λ˜N=1n (p) (52)
with
λ˜N=1n (p) =
n∑
j=1
α
µ1(k1)
−1 · · ·αµn−1(kn−1)−1 b(j)−1| ↓1 · · · ↓n; 0, p〉λjµ1···µn−1(p) + · · ·
+
∑
i1<i2<···<iq;j<j1<j2<···<jq
α
µ1(k1)
−1 · · ·αµn−2q−1(kn−2q−1)−1 c(i1)−1 · · · c(iq)−1 b(j)−1b(j1)−1 · · · b(jq)−1 | ↓1 · · · ↓n; 0, p〉
×λi1,··· ,iq;j,j1,··· ,jqµ1···µn−2q−1 (p)
+ · · · (53)
where as in the case of eq.(46), the summation of indices j, im, and jm are taken from 1 to
n under the condition that all those indices are different values for each q. Then the values
kl (1 ≤ l ≤ n− 2q − 1) are determined so as to satisfy k1 < k2 · · · < kn−2q−1 and
{k1, · · · , kn−2q−1, i1, · · · , iq, j, j1, · · · , jq} = {1, 2, · · · , n} (54)
for each integer q satisfying q ≥ 0 and n − 2q − 1 ≥ 0. Note that only the SU(1,1)-spin
= 1/2 part of λN=1n appears in the gauge transformation eq.(51). The gauge fixed action for
Smin,N=1n is extracted from N = 1 part of Sn,{α} given in eq.(39) with eq.(40).
For each n, the extended string field φN=1n and the gauge parameter field λ
N=1
n are
divided into several independent parts by the symmetry of the action (49) and the gauge
transformation (51). For example, for n = 2, fields in φN=1n=2 and correspondingly the action
are divided into two parts as follows: First, we divide the second rank tensor Aµν part of
φN=1n=2 into the symmetric tensor A(µν) part and the anti-symmetric tensor A[µν] part. The
basis states for A(µν)(p) and A[µν](p) are respectively given by
(α
µ(1)
−1 α
ν(2)
−1 ± αν(1)−1 αµ(2)−1 )| ↓↓; 0, p〉. (55)
Accordingly, other fields in φN=1n=2 and λ
N=1
n=2 , and thus the action is divided into the two parts.
Similarly, for general n, classification of the fields and the action is given by the symmetry
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of the n-th rank tensor Aµ1µ2···µn , which is explicitly specified by the Young diagrams of n
boxes. For each Young diagram, we are able to choose an appropriate state as the basis of
the corresponding tensor field of the symmetry. Such a basis state in general has the form
∑
ai1,··· ,in α
µ1(i1)
−1 · · ·αµn(in)−1 | ↓ · · · ↓; 0, p〉 (56)
where the coefficient ai1,··· ,in is determined by the symmetry of the corresponding Young
diagram. Note that there are in general several possible choices of the coefficient a for mixed
symmetric cases. Explicitly, the number of independent bases for a particular diagram is
given by n!/[
∏n
i=1 hook(xi)] where hook(xi) denotes the hook length of the box xi. Once an
explicit basis is chosen, we can construct the gauge invariant action for the corresponding
n-th rank tensor field by extracting the relevant part from the general Lagrangian Lmin,N=1n .
As a result, all the φN=1n , λ
N=1
n and Lmin,N=1n are divided by symmetry as
φN=1n =
∑
s
φN=1,(s)n , λ
N=1
n =
∑
s
λN=1,(s)n (57)
and
Lmin,N=1n =
∑
s
LN=1,(s)n (φN=1,(s)n ) (58)
where s denotes the index specifying the independent part of the action divided by the
symmetry of the n-th rank tensor field represented by the Young diagram. Each φ
N=1,(s)
n
includes one n-th rank tensor of a particular symmetry with some associated lower rank
tensor fields in general. In this way, we can explicitly construct the gauge invariant action
for n-th rank tensor field of arbitrary symmetry.
4 Examples of massless gauge invariant action
In this section, we will explicitly give some examples of gauge invariant actions for several
simple Young diagrams following the procedures given in the previous section. In the follow-
ing, we set the scale factor as ℓ = 1 and represent the oscillators in the abbreviated forms
as α
µ(i)
−1 → αµ(i), b(i)−1 → b(i) and c(i)−1 → c(i) for simplicity.
4.1 n = 3 action
First, we consider the n = 3 theory. In this case, fields are given by eq.(46) for n = 3 with
the conditionM = 0 and thus we have a general third rank tensor field Aµνρ and three vector
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fields Diµ (i = 1, 2, 3) in the extended string field as
φ˜n=3(p) = α
µ
(1)α
ν
(2)α
ρ
(3)| ↓↓↓; 0, p〉Aµνρ(p)
+
3∑
i=1
αµ(i)(c(i+1)b(i+2) − b(i+1)c(i+2))| ↓↓↓; 0, p〉Diµ(p). (59)
Here and in the remainder of this subsection, the indices in parentheses including the char-
acter i are to be interpreted as mod 3 numbers.
(i) (ii) (iii)
Figure 1: Three types of Young diagrams for n = 3
Since there are three kinds of Young diagrams for n = 3 as depicted in fig.1, the general
third rank tensor field Aµνρ is divided into three parts by symmetry. In fact, the third rank
tensor part of φ˜n=3 is divided into four independent parts since there are two independent
bases for the diagram (ii) of fig.1. This is explicitly given by
φ˜N=1n=3 |Aµνρ = α(µ(1)αν(2)αρ)(3)| ↓↓↓; 0, p〉A(i)(µνρ)(p) · · · (i) (60)
+
(
α
(µ
(1)α
ν)
(2)α
ρ
(3) − αρ(1)α(µ(2)αν)(3)
)
| ↓↓↓; 0, p〉A(ii-1)(µν),ρ(p) · · · (ii-1) (61)
+
(
α
[µ
(1)α
ν]
(2)α
ρ
(3) − αρ(1)α[µ(2)αν](3)
)
| ↓↓↓; 0, p〉A(ii-2)[µν],ρ(p) · · · (ii-2) (62)
+ α
[µ
(1)α
ν
(2)α
ρ]
(3)| ↓↓↓; 0, p〉A(iii)[µνρ](p). · · · (iii) (63)
Note that the two fields corresponding to the diagram (ii), A
(ii-1)
(µν),ρ and A
(ii-2)
[µν],ρ, are to satisfy
the conditions
A
(ii-1)
(µν),ρ + A
(ii-1)
(νρ),µ + A
(ii-1)
(ρµ),ν = 0 (64)
and
A
(ii-2)
[µν],ρ + A
(ii-2)
[νρ],µ + A
(ii-2)
[ρµ],ν = 0 (65)
respectively. Based on the above classification of the highest third rank tensor field Aµνρ for
n = 3 theory, the classification of the lower rank tensor fields Diµ (i = 1, 2, 3) and the gauge
parameter fields are determined. The three vector fields part given by the second line of
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eq.(59) are recombined to the following form
φ˜n=3(p)|Diµ =
(
3∑
i=1
αµ(i)(c(i+1)b(i+2) − b(i+1)c(i+2))
)
| ↓↓↓; 0, p〉D(i)µ (p) (66)
+
(
αµ(1)(c(2)b(3)−b(2)c(3))−(c(1)b(2)−b(1)c(2))αµ(3)
)
| ↓↓↓; 0, p〉D(ii-1)µ (p) (67)
+
(
αµ(1)(c(2)b(3)−b(2)c(3))+(c(1)b(2)−b(1)c(2))αµ(3) − 2(c(1)b(3)−b(3)c(1))αµ(2)
)
×| ↓↓↓; 0, p〉D(ii-2)µ (p) (68)
where the fields D
(i)
µ , D
(ii-1)
µ and D
(ii-2)
µ respectively belong to the classes (i), (ii-1) and (ii-2).
Note that there is no Dµ field assigned for (iii).
Gauge parameter extended string field λn=3 for n = 3 consists of three independent
second rank tensor fields λiµν (i = 1, 2, 3) and two scalar fields λ
j
0 (j = 1, 2). They are
classified by the four classes and the result is given as follows. For the class (i), there is one
type of symmetric second rank tensor field λ
(i)
(µν)(p):
λ˜
(i)
N=1(p) =
3∑
i=1
b(i)α
(µ
(i+1)α
ν)
(i+2)| ↓↓↓; 0, p〉λ(i)(µν)(p). (69)
For each of the classes (ii-1) and (ii-2), there are three type of gauge parameter fields:
symmetric and anti-symmetric 2nd rank tensors, and a scalar. Explicitly,
λ˜
(ii-1)
N=1(p) =
(
α
(µ
(1)α
ν)
(2)b(3) − b(1)α(µ(2)αν)(3)
)
| ↓↓↓; 0, p〉iλ(ii-1)(µν) (p)
+
(
α
[µ
(1)α
ν]
(2)b(3) + b(1)α
[µ
(2)α
ν]
(3) + 2b(2)α
[µ
(1)α
ν]
(3)
)
| ↓↓↓; 0, p〉iλ(ii-1)[µν] (p)
+
(
b(1)b(2)c(3) + c(1)b(2)b(3) − 2b(1)c(2)b(3)
) | ↓↓↓; 0, p〉iλ(ii-1)0 (p) (70)
and
λ˜
(ii-2)
N=1(p) =
(
α
(µ
(1)α
ν)
(2)b(3) + b(1)α
(µ
(2)α
ν)
(3) − 2b(2)α(µ(3)αν)(1)
)
| ↓↓↓; 0, p〉iλ(ii-2)(µν) (p)
+
(
α
[µ
(1)α
ν]
(2)b(3) − b(1)α[µ(2)αν](3)
)
| ↓↓↓; 0, p〉iλ(ii-2)[µν] (p)
+
(
b(1)b(2)c(3) − c(1)b(2)b(3)
) | ↓↓↓; 0, p〉iλ(ii-2)0 (p). (71)
Finally, for the class (iii),
λ˜
(iii)
N=1(p) =
3∑
i=1
b(i)α
[µ
(i+1)α
ν]
(i+2)| ↓↓↓; 0, p〉λ(iii)[µν](p). (72)
Now that we have prepared and classified all the fields and the gauge parameter fields for
n = 3, we are able to write the gauge transformation for each field and construct the gauge
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invariant action explicitly. The explicit results will be given in the discussions of general
n-rank tensor fields in the remainder of this section: The results for (i) and (iii) classes will
be given in the next subsection 4.2 and the results for (ii-1) and (ii-2) classes will be given
in subsection 4.3. Here, we only represent the explicit form of the Lagrangians with gauge
transformations for the latter two classes (ii-1) and (ii-2), and give some comments on the
relation between the two results which share the same Young diagram (ii). The result is
L(ii-1) = 3
4
A
(1)
(µν),ρ(δ
ρ
σ− ∂ρ∂σ)A(1)(µν),σ +
3
2
∂µA
(1)(µν),ρ∂σA
(1)
(σν),ρ
−3D(1)µ ∂ν∂ρA(1)(µν),ρ − 2D(1)µ (δµν− ∂µ∂ν)D(1)ν (73)
with
δA
(1)
(µν),ρ = ∂ρλ
(1)
(µν) − ∂(ρλ(1)µν) + ∂νλ(1)[µρ] + ∂µλ(1)[νρ], (74)
δD(1)µ =
1
2
∂νλ
(1)
(µν) +
3
2
∂νλ
(1)
[µν] +
3
2
∂µλ
(1)
0 , (75)
and
L(ii-2) = 3
4
A
(2)
[µν],ρ(δ
ρ
σ− ∂ρ∂σ)A(2)[µν],σ +
3
2
∂µA
(2)
[µν],ρ∂
σA
(2)
[σν],ρ
−6D(2)µ ∂ν∂ρA(2)[µν],ρ − 6D(2)µ (δµν− ∂µ∂ν)D(2)ν (76)
with
δA
(2)
[µν],ρ = ∂ρλ
(2)
[µν] − ∂[ρλ(2)µν] + ∂µλ(2)(νρ) − ∂νλ(2)(µρ), (77)
δD(2)µ =
1
2
∂νλ
(2)
[µν] −
1
2
∂νλ
(2)
(µν) −
1
2
∂µλ
(2)
0 . (78)
We can show that these two Lagrangians are equivalent to each other if we identify the fields
as
A
(2)
[µν],ρ =
1√
3
(
A
(1)
(ρµ),ν − A(1)[ρν],µ
)
, D(2) =
1√
3
D(1) (79)
and take into account the relations (64) and (65). In general, gauge invariant actions for a
particular Young diagram are equivalent to one another even if the appearance is different.
Thus we have completed the classification and the analysis of the n = 3 theory. For more
general n ≥ 4 cases, we can also classify the fields and gauge parameter fields according
to the classification of Young diagrams of n boxes and construct the corresponding gauge
invariant actions. Note that once the gauge invariant action is obtained, the gauge fixed
action can also be constructed from the general one given in eq.(39), though we do not go
into detail about that.
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4.2 Totally symmetric and anti-symmetric tensor fields
We extract the totally symmetric or anti-symmetric n-th rank tensor field part from the
general n theory and construct the corresponding gauge invariant action. Each of these two
cases corresponds to either of the two simplest Young diagrams with n boxes of a single row
or a single column. For each case, we will collect all the fields and the gauge parameter fields
needed for constructing the gauge invariant action following the general procedure given
previously.
For the symmetric tensor part, there is an (n−2)-th rank symmetric tensor fieldD(µ1···µn−2)
other than the n-th rank symmetric tensor field A(µ1µ2···µn). These fields are collected in the
form
φ˜N=1n,sym(p) = α
(µ1
(1) α
µ2
(2) · · ·αµn)(n) | ↓↓ · · · ↓; 0, p〉A(µ1µ2···µn)(p)
+
∑
i<j
α
(µ1
(k1)
αµ2(k2) · · ·α
µn−2)
(kn−2)
(c(i)b(j) − b(i)c(j))| ↓↓ · · · ↓; 0, p〉
×D(µ1···µn−2)(p) (80)
where the indices kr (r = 1, · · · , n− 2) is determined so as to satisfy kr < ks for r < s and
{k1, · · · , kn−2, i, j} = {1, · · · , n} for each i and j as for the general φ˜n in eq.(46). For the
above φ˜N=1n,sym, we need only one type of gauge parameter field λ(µ1µ2···µn−1) given by
λ˜N=1n,sym(p) =
1
n
n∑
j=1
α
(µ1
(k1)
αµ2(k2) · · ·α
µn−1)
(kn−1)
b(j)| ↓↓ · · · ↓; 0, p〉iλ(µ1µ2···µn−1)(p) (81)
where again kr < ks for r < s and {kr, j} = {1, · · · , n} for each j.
Gauge transformation for the fields A(µ1···µn) and D(µ1µ2···µn−2) is
δAµ1···µn = ∂(µ1λµ2···µn), δDµ1···µn−2 =
1
n
∂µλµµ1···µn−2 . (82)
The Lagrangian is obtained by substituting eq.(80) into eq.(49) and calculating the inner
products explicitly. The result is
Ln,sym = −1
2
∂νAµ1···µn∂
νAµ1···µn + n(n− 1)∂νDµ1···µn−2∂νDµ1···µn−2
+
n
2
∂µA
µµ1···µn−1∂νAνµ1···µn−1 + n(n− 1)Dµ1···µn−2∂µ∂νAµνµ1···µn−2
+
n(n− 1)(n− 2)
2
∂µD
µµ1···µn−3∂νDνµ1···µn−3 . (83)
As we have expected, this Lagrangian exactly reproduces the so called ‘triplet’ action which is
obtained by taking the tensionless (α′ →∞) limit of the open bosonic string field theory [3,
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8, 9, 10, 11]. Note that this action contains not a triplet of fields, but only a doublet of
A and D. This is because we start from the minimal action Sminn which does not contain
auxiliary extended string field b0Φn from the beginning. The gauge fixed action can also be
constructed from the general one given in eq.(40) and the result is the same as that given in
ref.[3].
Next, we consider the case of n-th rank anti-symmetric tensor part. In this case, there is
no extra lower rank field involved in the original A[µ1µ2···µn] field. Thus, the field in the form
of the extended string field is
φ˜N=1n,anti−sym(p) = α
[µ1
(1)α
µ2
(2) · · ·αµn](n) | ↓↓ · · · ↓; 0, p〉A[µ1µ2···µn](p), (84)
and the gauge parameter field has the form
λ˜N=1n,anti−sym(p) =
1
n
n∑
j=1
(−)j−1α(µ1(k1)α
µ2
(k2)
· · ·αµn−1)(kn−1)b(j)| ↓↓ · · · ↓; 0, p〉iλ(µ1µ2···µn−1)(p) (85)
where kr < ks for r < s and {kr, j} = {1, · · · , n} for each j. Gauge transformation is given
by
δA[µ1···µn] = ∂[µ1λµ2···µn]. (86)
The Lagrangian for the field A[µ1µ2···µn] is then written as
Ln,anti−sym = − 1
4(n+ 1)
Hµ1µ2···µn+1H
µ1µ2···µn+1 (87)
where
Hµ1µ2···µn+1 = (n+ 1)∂[µ1Aµ2···µn+1] . (88)
Gauge fixed action for eq.(87) can also be constructed from eq.(40). To fix the gauge symme-
try (86) completely, we need up to n-th order of (anti-)ghost fields with the Lagrange multi-
plier fields in the gauge fixed action. Explicitly, m-th order (anti-)ghost fields (m = 1, · · · , n)
are provided by the SU(1,1)-spin= m
2
part of φ
(−m+2k)
n (k = 0, 1, · · · , m) with the Lagrange
multiplier fields β
(m−2l)
n (l = 0, 1, · · · , m − 1). Note that in this case all the fields belong-
ing to the SU(1,1)-spin= m
2
part are (n − m)-th rank anti-symmetric tensor fields. These
structures naturally coincide with the known results of the gauge fixing problem for anti-
symmetric tensor field theory given in the literature [12].
Finally, note that the gauge invariant and the gauge fixed actions for the anti-symmetric
tensor field given above can also be deduced from the tensionless limit of the n = 1 minimal
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open string field theory action as is shown in ref.[3]. However, as we have seen, to obtain
the same action, it is more straightforward to use our extended string field theory than to
use the open string field theory. For more general mixed symmetric case, we see that it
is a great advantage using our extended string field theory to obtain the consistent gauge
invariant and gauge fixed actions since it is very complicated to extract the same actions
from the tensionless limit of the open string field theory.
4.3 Simple mixed symmetric fields
We discuss the example of the two simplest n-th rank mixed symmetric tensor fields identified
by the Young diagrams depicted in fig.2.
(A) (B)
Figure 2: Young diagrams for n-th rank mixed symmetric tensor fields (A) A(µ1···µn−1),µn and
(B) B[µ1···µn−1],µn
The action for the diagram (A) The n-th rank tensor field corresponding to the Young
diagram (A) can be chosen to have the form A(µ1···µn−1),µn where only the first n− 1 indices
are symmetric and the condition
n∑
i=1
A(µ1···µˆi···µn),µi
(
= nA((µ1···µn−1),µn)
)
= 0 (89)
is satisfied. Note that we can choose another form of tensor field for representing the same
diagram. We chose this particular representation of the field given in eq.(89) since it is
simple and easy for analyzing the action. As we have seen in the example of n = 3 case, we
obtain the equivalent action if we start from the different representation of the field as long
as we deal with the same Young diagram. In order to extract the gauge invariant action
including the field A(µ1···µn−1),µn from the general action, we have to incorporate additional
two types of (n−2)-th rank tensor fields DS(µ1···µn−3),µn−2 and DM(µ1···µn−2). Here DS is a totally
symmetric tensor field and DM is a mixed-symmetric tensor field which must satisfy the
condition similar to eq.(89): DM((µ1···µn−3),µn−2) = 0. These two fields with A(µ1···µn−1),µn are
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collected in the following extended string field as
φ˜N=1(n−1)+1(p)
=
{
α
(µ1
(1) · · ·αµn−1)(n−1)αµ(n) − αµ(1)α(µ1(2) · · ·αµn−1)(n)
}
| ↓↓ · · · ↓; 0, p〉A(µ1µ2···µn−1),µ(p)
+
n−1∑
i=2
{
α
(µ1
(k1)
· · ·αµn−2)(kn−2)(c(i)b(n)−b(i)c(n))
−α(µ1(k′1) · · ·α
µn−2)
(k′n−2)
(c(1)b(i)−b(1)c(i))
}
| ↓↓ · · · ↓; 0, p〉DS(µ1···µn−2)(p)
+
( ∑
1≤i<j<n
α
(µ1
(l1)
· · ·αµn−3)(ln−3)(c(i)b(j) − b(i)c(j))αν(n)
−
∑
1<i<j≤n
αν(1)α
(µ1
(l′1)
· · ·αµn−3)(l′n−3)(c(i)b(j) − b(i)c(j))
+
n−1∑
i=2
{
α
(µ1
(k1)
· · ·αµn−3(kn−3)α
ν)
(kn−2)
(c(i)b(n)−b(i)c(n))
−α(µ1(k′1) · · ·α
µn−3
(k′n−3)
α
ν)
(k′n−2)
(c(1)b(i)−b(1)c(i))
})
| ↓↓ · · · ↓; 0, p〉DM(µ1···µn−3),ν(p) (90)
where again indices k, k′, l and l′ are determined in order that each set {l1, · · · , ln−3, i, j, n},
{1, l′1, · · · , l′n−3, i, j}, {k1, · · · , kn−2, i, n}, or {1, k′1, · · · , k′n−2, i} coincides with the set of n
integers {1, · · · , n} for any i or (i, j). Also, kr < ks for any r < s, and the similar relations
hold for indices k′, l and l′.
For these fields, three types of gauge parameter fields are involved: two types of (n−1)-th
rank tensor fields λS(µ1···µn−1) and λ
M
(µ1···µn−2),µn−1
, and a symmetric (n−3)-th rank tensor field
λ˜S(µ1···µn−3). Gauge transformation for each field in the coordinate representation becomes
δA(µ1···µn−1),ν = ∂νλ
S
(µ1···µn−1)
− ∂(νλSµ1···µn−1) + (n− 1)∂(µn−1λMµ1···µn−2),ν , (91)
δDM(µ1···µn−3),ν = ∂
ρλMρµ1···µn−3,ν − ∂ρλMρ(µ1···µn−3,ν) − ∂νλ˜S(µ1···µn−3) + ∂(ν λ˜Sµ1···µn−3), (92)
δDSµ1···µn−2 =
1
2
∂νλS(µ1···µn−2ν) +
n
2(n− 2)∂
νλM(µ1···µn−2),ν +
n
2
∂(µn−2 λ˜
S
µ1···µn−3). (93)
The gauge invariant action can be calculated by substituting eq.(90) into eq.(49). After sim-
19
plifying the result by performing some suitable partial integrations, the Lagrangian becomes
L(n−1),1 = n
2(n−1)Aµ1···µn−1,ν(δ
ν
ρ − ∂ρ∂ν)Aµ1···µn−1,ρ + n
2
∂ρAµ1···µn−2ρ,σ∂νA
µ1···µn−2ν,σ
+n(n− 2)(DSµ1···µn−3ν −DMµ1···µn−3,ν)∂ρ∂σAρσµ1···µn−3,ν
−2(n− 2)DSµ1···µn−3ν(δνρ − ∂ρ∂ν)DS µ1···µn−3ρ + 2n(n− 2)∂ρDMµ1···µn−3,ρ∂νDS µ1···µn−3ν
−1
2
n(n− 2)DMµ1···µn−3,ν(2δνρ − ∂ρ∂ν)DM µ1···µn−3,ρ
+
1
2
n(n− 2)(n− 3)∂νDMνµ1···µn−4,µn−3∂ρDM ρµ1···µn−4,µn−3 . (94)
Note that for n = 3, this Lagrangian is reduced to the one given in eq.(73).
The action for the diagram (B) The n-th rank tensor field corresponding to the diagram
(B) can be taken as the form B[µ1···µn−1],µn which satisfies the condition
n∑
i=1
(−)n−iB[µ1···µˆi···µn],µi
(
= nB[[µ1···µn−1],µn]
)
= 0. (95)
To construct the gauge invariant action for this field from the general action eq.(49), we have
to include a totally anti-symmetric (n−2)-th rank tensor field E[µ1µ2···µn−2]. These two fields
are collected in the form of the extended string field as
φ˜N=1[n−1]+1(p)
=
(
α
[µ1
(1) · · ·αµn−1](n−1)αµ(n) + (−)nαµ(1)α[µ1(2) · · ·αµn−1](n)
)
| ↓↓ · · · ↓; 0, p〉B[µ1µ2···µn−1],µ(p)
+
(
n−1∑
i=2
{
(−)n−1−iα[µ1(k1) · · ·α
µn−2]
(kn−2)
(c(i)b(n)−b(i)c(n)) + (−)iα[µ1(k′1) · · ·α
µn−2]
(k′n−2)
(c(1)b(i)−b(1)c(i))
}
+2(−)nα[µ1(2) · · ·αµn−2](n−1)(c(1)b(n) − b(1)c(n))
)
| ↓↓ · · · ↓; 0, p〉E[µ1µ2···µn−2](p) (96)
where kr or k
′
r are uniquely chosen for each i so that {k1, · · · , kn−2, i, n} or {1, k′1, · · · , k′n−2, i}
coincides with the set of n integers {1, · · · , n} with the condition kr < ks or k′r < k′s for r < s.
For these fields, the following three types of gauge parameter fields are involved in the
gauge transformation: two types of (n−1)-th rank tensor fields λA[µ1···µn−1] and λM
′
[µ1···µn−2],µn−1
,
and an anti-symmetric (n−3)-th rank tensor λ˜A[µ1···µn−3]. Here the field λM
′
satisfies the
condition
n−1∑
i=1
(−)n−1−iλM′[µ1···µˆi···µn−2],µi
(
= (n− 1)λM′[[µ1···µn−2],µn−1]
)
= 0. (97)
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Then the gauge transformation for each field in the coordinate representation is given by
δB[µ1···µn−1],ν = ∂νλ
A
[µ1···µn−1]
− ∂[νλAµ1···µn−1] + (n− 1)∂[µ1λM
′
µ2···µn−1],ν
, (98)
δE[µ1···µn−2] =
1
2
∂νλA[µ1···µn−2ν] +
1
2
(−)n∂νλM′[µ1···µn−2],ν +
3
2
(n− 2)∂[µn−2 λ˜Aµ1···µn−3] . (99)
Then the Lagrangian for the field B[µ1···µn−1],ν with E
[µ1···µn−2] becomes after performing some
suitable partial integrations
L[n−1],1 = n
2
(
1
n− 1B[µ1···µn−1],ν(δ
ν
ρ − ∂ρ∂ν)B[µ1···µn−1],ρ
+∂ρB[µ1···µn−2ρ],σ∂νB
[µ1···µn−2ν],σ + 4E[µ1···µn−2]∂ν∂ρB
[µ1···µn−2ν],ρ
−4E[µ1···µn−2]E[µ1···µn−2] − 4(n− 2)∂ρE[ρµ1···µn−3]∂νE[νµ1···µn−3]
)
. (100)
Note that this Lagrangian is only nontrivial for D > n as a mixed symmetric field theory
since the B field does not exist for D ≤ n − 2, and it is reduced to traceless second rank
tensor field or vector field for D = n or D = n− 1. Note also that eq.(100) is reduced to the
one given in eq.(76) for n = 3.
We can show that the above Lagrangian given in eq.(100) is divided into two independent
parts if we use the two fields B′[µ1···µn−1],ν and E
′
[µ1···µn−2]
defined by
E ′[µ1···µn−2] = E[µ1···µn−2] −
1
2
B[µ1···µn−2ρ],νη
ρν , (101)
B′[µ1···µn−1],ν = B[µ1···µn−1],ν +
2(n− 1)
D − n E
′
[µ1···µn−2
ηµn−1]ρ (102)
instead of the original B and E fields. The resulting Lagrangian can be written as
L[n−1],1 = L[n−1],1|B′ + L[n−1],1|E′ (103)
where the B′ part becomes
L[n−1],1|B′ = n
2
(
1
n− 1B
′
[µ1···µn−1],ν
(δρ
ν − ∂ρ∂ν)B′[µ1···µn−1],ρ
+∂ρB′[µ1···µn−2ρ],σ∂νB
′[µ1···µn−2ν],σ − B′[µ1···µn−2σ],σ(δρν − 2∂ρ∂ν)B
′[µ1···µn−2ρ],ν
−(n− 2)∂νB′[νµ1···µn−3σ],σ∂ρB
′[ρµ1···µn−3γ],
γ
)
, (104)
while the totally antisymmetric tensor E ′ part becomes
L[n−1],1|E′ = − 2n
(D − n)(n− 1)H
′
µ1µ2···µn−1H
′µ1µ2···µn−1 (105)
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with
H ′µ1µ2···µn−1 = (n− 1)∂[µ1E ′µ2···µn−1]. (106)
The former Lagrangian L[n−1],1|B′ is invariant under the gauge transformation
δB′[µ1···µn−1],ν = ∂νλ
′A
µ1···µn−1
− ∂[νλ′Aµ1···µn−1] + ∂[µ1λ′Mµ2···µn−1],ν . (107)
Here, there are two independent gauge parameter fields given by (n−1)-th rank tensor fields:
λ′Aµ1···µn−1 and λ
′M
[µ1···µn−2],µn−1
. The latter mixed-symmetric field satisfies the same relation
as for λM[µ1···µn−2],µn−1 given in eq.(97). Note that the Lagrangian (104) is equivalent to the
one given in the literature [13]. In the literature, the structure of the gauge fixed action in
terms of BRST transformation has been also discussed. Our gauge fixed action according to
eq.(40) naturally reproduces the same result: For the B[µ1···µn−1],ν (or B
′
[µ1···µn−1],ν
) field, we
see that there appear up to (n− 1)-th order (anti-)ghost fields φ(l)n with appropriate number
of Lagrange multiplier fields β
(l′)
n in the gauge fixed action reduced from eq.(40). On the
other hand, the latter Lagrangian L[n−1],1|E′ is equivalent to eq.(87) for D > n.
4.4 General mixed symmetric fields
We briefly comment on the structure of gauge invariant and gauge fixed actions for general
mixed symmetric fields.
Consider a Young diagram of n boxes with k rows and the length of i-th row mi. Note
that the relations n =
∑k
i=1mi and mi ≥ mj for i < j are satisfied. This diagram is
often represented by (m1, m2, · · · , mk). To construct the gauge invariant action for the
diagram, we first choose a basis state |µ1, · · · , µn; p〉 of the form given in eq.(56) for the
highest rank n tensor field A
(m1,m2,··· ,mk)
µ1,··· ,µn (p). Then, the basis states of the rank n− 2 tensor
fields which should be included in the gauge invariant action for the field A
(m1,m2,··· ,mk)
µ1,··· ,µn are
constructed roughly by replacing every possible pair of symmetric oscillators α(i) and α(j)
in |µ1, · · · , µn; p〉 with b(i)c(j) − c(i)b(j) and summing up the result. Furthermore, the basis
states for further lower rank n− 4, n− 6, · · · tensor fields are constructed by repeating the
same processes. Note that in the above set of processes, we cannot replace four (or more)
totally symmetric α oscillators with two b’s and c’s in such a way since the result vanishes
identically. This can be seen by the relation
∑
perms. of {ijkl}
(b(i)c(j) − c(i)b(j))(b(k)c(l) − c(k)b(l)) = 0. (108)
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Thus, in general, the rank of the lowest rank tensor fields included in the gauge fixed action
is determined as n− 2l where l is the number of rows of the relevant Young diagram whose
length is greater than or equal to 2. More precisely, for the diagram (m1, m2, · · · , mk), l is
determined by the condition ml ≥ 2 and ml+1 ≤ 1.
As for the gauge fixed action, the chain of (anti-)ghost fields are determined by the
number of rows of the Young diagram as we have mentioned in the case of anti-symmetric
tensor field B[µ1···µn] or the mixed symmetric field B[µ1···µn−1],µn. Explicitly, the gauge fixed
action for the diagram with k rows should contain up to k-th order (anti-)ghost fields.
5 Discussions
We have constructed both gauge invariant and gauge fixed free actions for extended string
field theory based on extended state space which is made of n-copies of open string state
space. The field theory possesses higher spin gauge fields in its massless spectrum.
Note that as we have seen in the previous section, compared to the tensionless limit of
the open string theory, our extended theory enables us to derive the action for massless
tensor fields of any symmetry in a relatively simple way. The resultant action has desirable
properties such as (a) covariant, local and needs no extra constraints for the fields, (b) the
physical spectrum is apparent and the no-ghost theorem is satisfied, (c) the gauge fixed action
corresponding to various covariant gauges is derived automatically, and so on. The so-called
‘triplet’ action, or doublet action in our representation, has been almost unique concrete
example for massless higher spin fields derived systematically from the tensionless limit of
the open bosonic string field theory. This triplet action has inspired various analyses of higher
spin field theory because of its simple but prominent structure [10, 11, 14, 15, 16, 17]. We
thus naturally expect that the action for more general massless mixed symmetric fields gives
additional outcome for the study of higher spin theory. For such a purpose, it is much easier
to use our setup of extended string field theory. It would be interesting to proceed further
to such direction and to discuss the relation with preceding works [11, 18, 19, 20, 21, 22, 23].
Furthermore, though we have only dealt with the massless part of the action in detail,
it is possible to discuss the structure of the gauge invariant and gauge fixed actions for
general massive tensor fields within the framework of the extended string field theory if we
fix D = 26. Structure of massive higher spin field theory is more complicated than the
massless one since we in general have to include the Stu¨ckelberg-like fields to support the
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gauge invariance for the original fields. We may be able to well understand the structure of
such Stu¨ckelberg-like fields in general by utilizing our theory where the action for general
massive fields are simpler than the one appearing in open string field theory if we choose
appropriate n.
We may also be able to extend the superstring field theory by assembling multiple copies
of the theory at least for quadratic part of the action. If such an extension is accomplished,
we expect that we can consistently construct the appropriate actions for general fermionic
fields with half-integer spin.
Now our next step is to construct gauge invariant interaction terms. A natural guess
for their form is simply a tensor-product of the open string cubic vertex and necessary
modifications if any. For n = 2 case, free spectrum coincides with that of closed string,
therefore if we properly follow the geometric picture of closed string world sheet, then we
will eventually obtain non-polynomial interactions of closed string field theory so as to cover
its moduli space [24, 25]. However, as for the other n, we do not have such an intuition on
the moduli space of the amplitude a priori. Even for n = 2 case, if we do not assume world
sheet picture, then only gauge invariance will be a hint. A building block is the open string
vertex which is non-commutative but associative. However, known closed string vertices
are non-associative and recovering them without worldsheet picture is quite nontrivial. So,
conversely, seeking a geometric picture for generic n may be important. We hope to report
on this issue elsewhere.
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Appendix A Basic properties of open string state space
We give some of the basic properties of open string state space H(p). It is spanned by states
of the form
|f〉 = αµ1l1 · · ·α
µq
lq
c−m1 · · · c−mrb−n1 · · · b−ns| ↓, 0, p〉 (A.1)
with li ≥ 1, mi ≥ 0 and ni ≥ 1. Here, αµl is the matter oscillator, and cm and bn are
the string worldsheet ghost and anti-ghost modes. Note that | ↓, 0, p〉 = |0, p〉 ⊗ c(i)1 |0〉g
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where |0, p〉(= eipµxµ|0〉M) is the momentum eigenstate annihilated by αµl for l ≥ 1 and
c
(i)
1 |0〉g(= | ↓〉) is the ghost ground state annihilated by cm and bm for m ≥ 1.
The (anti-)commutation relations among αµn, cn and bn are
[αµm, α
ν
n] = mη
µνδm+n,0, {bm, cn} = δm+n,0, {bm, bn} = {cm, cn} = 0. (A.2)
The BRST operator is given by Q = Q˜+ c0L0 + b0M where
Q˜ =
∑
n 6=0
c−nL
(m)
n −
1
2
∑
mn 6= 0
m + n 6= 0
(m− n) : c−mc−nbn+m :, M = −2
∞∑
m=1
mc−mcm (A.3)
and L
(m)
n is the matter part of total Virasoro operator Ln = L
(m)
n +L
(g)
n . They are explicitly
given by
L(m)m =
1
2
∞∑
n=−∞
: αµm−nαµ,n :, L
(g)
m =
∞∑
n=−∞
(m− n) : bm+nc−n : −δm,0. (A.4)
In particular,
L0 = α
′p2 +N − 1 (A.5)
where α′ is the slope parameter and
N =
∞∑
n=1
(αµ−nαµ,n + n(c−nbn + b−ncn)) (A.6)
counts the level of the state. The commutation relations for the Virasoro operators are given
by
[Ln, Lm] = (n−m)Ln+m + D − 26
12
n(n2 − 1)δn+m,0. (A.7)
For the spacetime dimension D = 26, Q2 = 0 is satisfied.
Appendix B Projection operators for the a-gauges
We give two types of projection operators defined on the space F gˆ=mn which are important
in defining the a-gauges.
First operators are defined on the spaces F˜ gˆ=±mn with m ≥ 0 as
Pm = − 1
L0
Q˜MmWm+1Q˜, P−m = − 1
L0
Q˜Wm+1Q˜Mm. (B.8)
In particular, 1− P0 extracts the states satisfying Q˜|f〉 = 0.
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Next is the set of operators Sk with integer 2k. This operator Sk extracts the SU(1,1)-
spin= k part from a given state |f〉. For a state |f±m〉 ∈ F gˆ=±mn (m ≥ 0), Sk is explicitly
given by
Sk = Mk+m2 W2kMk−m2 −Mk+1+m2 W2k+2Mk+1−m2 (on Fmn ) (B.9)
Sk = Mk−m2 W2kMk+m2 −Mk+1−m2 W2k+2Mk+1+m2 (on F−mn ) (B.10)
for each k ∈ {m
2
+ Z≥0}, and Sk = 0 for otherwise. Note that the following relations are
satisfied:
SkSk′ = δkk′Sk, [Sk,M] = 0, [Sk,W±m] = 0 (on F±mn ). (B.11)
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